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Abstract—Second order conic programming (SOCP) has been
used to model various applications in power systems, such as
operation and expansion planning. In this paper, we present
a two-stage stochastic mixed integer SOCP (MISOCP) model
for the distribution system expansion planning problem that
considers uncertainty and also captures the nonlinear AC power
flow. To avoid costly investment plans due to some extreme
scenarios, we further present a chance-constrained variant that
could lead to cost-effective solutions. To address the compu-
tational challenge, we extend the basic Benders decomposition
method and develop a bilinear variant to compute stochastic
and chance-constrained MISOCP formulations. A set of numer-
ical experiments is performed to illustrate the performance of
our models and computational methods. In particular, results
show that our Benders decomposition algorithms drastically
outperform a professional MISOCP solver in handling stochastic
scenarios by orders of magnitude.
Index Terms—Stochastic program, mixed integer conic pro-
gram, distribution system expansion planning, bilinear Benders
decomposition.
NOMENCLATURE
Index and Set
ΩEH ,Ω
C
H Set of existing and candidate branches.
Ω,ΩSB Set of network nodes and existing substa-
tions.
Ω(i) Set of nodes connected to node i.
S,ΩT Set of scenarios and time blocks represent-
ing the target year.
t, i, j, ij Index of time blocks, nodes, and branches.
Parameters
csubf,i , c
sub
v,i Annualized fixed and variable investment
costs of substation at node i.
cfedf,ij , c
fed
v,ij Annualized fixed and variable investment
costs of feeder ij.
cfedo,ij,t,s, c
cap
o,i,t,s Operational costs of feeder ij and capacitor
at node i in scenario s and time t.
ccapf,i , c
cap
v,i Annualized fixed and variable investment
costs of capacitor at node i.
closst,s , c
pn
t,s Cost of losses and penalty cost of load
curtailment in scenario s and time t.
gij , bij , b
sh
ij Series conductance, series susceptance, and
shunt susceptance in the pi−model of
branch ij.
V mini , V
max
i Maximum and Minimum node voltages.
P smaxi , Q
smax
i Active and reactive capacity of substation
transformer.
αsi Power factor of substation transformer at
node i.
βi Equals tan (cos−1φi) with φi being the
power factor of the load at node i.
pis Probability of scenario s.
dht Number of hours comprising time block t.
Qmaxc,i Capacity of capacitor invested at node i.
lfedij , I
max
ij Feeder length and rated current.
P di,t,s, Q
d
i,t,s Active and reactive demand at node i.
Variables
vsubi , v
cap
i Binary variable which equals 1 if invest-
ment is made for substation/capacitor and
zero otherwise.
kij Binary variable which equals 1 if invest-
ment is made for any (new/existent) branch
ij and is zero otherwise.
fij Binary variable associated with the existent
branch ij which equals 1 if utilized and is
zero otherwise.
zij Binary variable which is equal to 1 if j is
the parent node of i.
yij Connection status of branch ij: 1 connected;
0 disconnected.
Ifedij Current flow of branch ij.
Ssubi Investment in substation at node i.
Pij,t,s, Qij,t,s Real and reactive flow on branch ij.
PIi,t,s, QIi,t,s Real and reactive injections at node i.
P sbi,t,s, Q
sb
i,t,s Real and reactive injections at substation i.
Qcapi Reactive injection of capacitor at node i.
ri,t,s Real power curtailed at node i.
uiji,t,s, ui,t,s Voltage of node i associated with branch ij.
Cinv, Copr,s Investment cost and operation cost of sce-
nario s.
M A sufficiently large positive number.
I. INTRODUCTION
THe aim of distribution system expansion planning is toderive a cost-effective investment plan on system config-
uration. The problem is often formulated as an optimization
model that minimizes a desired objective such as installa-
tion costs of new facilities (e.g., feeders, substation, etc.),
the upgrade costs of existing equipments, operational costs,
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2while respecting various specifications or operating limits.
In the context of mathematical programming, mixed-integer
linear programs, e.g., [1] and [2], are primarily constructed,
given that they are flexible in modeling and computationally
well supported by commercial solvers. Nevertheless, power
flow equations are inherently nonlinear and simple linear
approximations may lead to solutions of bad qualities. Hence,
to capture critical factors that are beyond the capacity of
linear models, nonlinear formulations are employed. Among
them, it is worth mentioning the convex second order conic
programming (SOCP) model in [3] to describe nonlinear AC
power flow equations, which actually is an exact model for a
radial distribution system. Note that SOCP model is a convex
optimization formulation that can be efficiently computed by
professional solvers. Moreover, because discrete investment
decisions are generally involved in system planning, integer
variables are introduced and that formulation is extended to
a mixed-integer SOCP (MISOCP) model [4]. Recent applica-
tions of conic optimization in power system studies include
[5],[6] on network reconfiguration for loss reduction, and [7]
on reactive power optimization. We observe that heuristic
techniques,e.g., [8, 9] have also been applied to the problem of
distribution expansion planning. However, optimality of their
solutions is not guaranteed.
One fundamental challenge of a planning problem is the
uncertainty, as it is for the future situation and perfect forecasts
on demands or cost parameters are impossible to obtain. To
include the uncertainty in decision making, the most popular
approach is to build a two-stage stochastic program model
[10]. Under this modeling scheme, the first-stage decisions
are those made before the realization of random factors, e.g.,
investment decisions; the second stage decisions are those
made after observing the actual realization of those factors,
e.g., actual operations. Using a practical strategy to represent
the randomness by a finite number of scenarios (and their
realization probabilities), one set of second stage decision
variables are introduced for every single scenario, which
therefore leads to a large-scale mathematical program. Very
often, the decision maker notes that some random situations
might be rare but very costly to handle. With that observation,
he may just want to adopt a cost-effective plan that protects
himself from most random scenarios, e.g., 95% of all possible
situations, and ignore the remaining ones. To meet this model-
ing demand, the original stochastic program could be extended
to the chance-constrained program [11]. Specifically, a binary
variable is introduced to associate with each scenario, which
enables the decision makers to select his concerned scenarios.
Through using scenario-based stochastic or chance constrained
modeling schemes, many practical decision making problems
in power, transportation or healthcare systems, which are
subject to serious random factors, have been successfully
addressed [10, 11]. Typical power systems applications in-
clude unit commitment problems [12, 13, 14]; generation and
transmission planning and capacity expansion [15, 16]; storage
siting and sizing [17, 18]; and grid vulnerability analysis
[19, 20]. Note that the majority of the developed models
are (stochastic) mixed integer linear programs. To handle
the large-scale structures from stochastic scenarios, various
Benders decomposition algorithms have been customized and
developed [21, 22, 23], which could drastically reduce compu-
tational times and render those models useful for practitioners.
According to the recent survey on [24], however, published
works incorporating uncertainty into the distribution system
planning problem are few and far between. Except a few
heuristic methods [8, 9, 25] to consider the uncertainty issue,
there is no analytical method to systematically support the
practice of distribution system planning under random environ-
ments. One essential challenge is the large number of nonlinear
conic AC power flow equations associated with stochastic
scenarios. Such large-scale MISOCP formulation is generally
beyond the solution capacity of commercial mixed integer
conic solvers. Indeed, except a theoretical analysis in [26],
we have not observed any efficient decomposition method
for large-scale MISOCP problems. In [26], authors presents a
generalized Benders decomposition method that theoretically
converges to an optimal solution of one type of mixed integer
conic problem. Neither its performance over practical in-
stances nor its extension to deal with stochastic conic programs
is reported or analyzed. To address such a situation in the
research of distribution system planning, in this paper, we
first propose a stochastic two-stage MISOCP formulation and
its chance-constrained variant, where the first stage is the
investment stage that determines the appropriate conductor
types and feeder construction routs together with substation
reinforcement and capacitor installation. The second stage is
the operating stages where operations decisions are derived
to minimize costs of involved losses and maintenance. The
uncertainty of loads and energy price is modeled through a set
of scenarios with their realization probabilities. Because both
the stochastic and chance-constrained models are challenging
to commercially available solvers, we design and implement
fast Benders decomposition methods that can efficiently handle
a large number of stochastic scenarios containing conic flow
equations. Our major contributions are listed as follows:
(i) On the modeling aspect, we develop the first two-
stage stochastic mixed integer conic model for the distribution
system expansion planning that considers uncertainty and ac-
curately captures the nonlinear AC power flow. We also present
its chance-constrained variant to avoid the costly investment
plans due to some extreme scenarios.
(ii) On the algorithm development aspect, we develop fast
Bender decomposition algorithms that drastically outperforms
a professional mixed integer conic solver in handling stochas-
tic scenarios by orders of magnitude. To the best of our knowl-
edge, they are the first Benders decomposition methods that
can practically deal with stochastic and chance-constrained
mixed integer conic programs. Indeed, our customized Benders
decomposition methods are general approaches that can be
widely applied to address many other applications.
(iii) On the computation aspect, we perform a set of
preliminary experiments. Results show that investment plans
derived from stochastic and chance-constrained models present
better performances, under the stochastic environments, over
those derived from the deterministic counterparts. Results also
highlight that our developed algorithms drastically outper-
forms professional conic programming solvers and can derive
3optimal solutions in a reasonable time.
The paper is organized as follows. In Section II, we develop
the mathematical formulation of the two-stage stochastic dis-
tribution system expansion planning problem and its chance-
constrained variant. In Section III, we propose our Benders
decomposition methods, including the master and subproblem
formulations, and the algorithmic operations. In Section IV,
computational experiments are presented and analyzed. Fi-
nally, relevant conclusions are drawn in Section V.
II. STOCHASTIC AND CHANCE-CONSTRAINED
DISTRIBUTION SYSTEM EXPANSION PLANNING MODELS
In this section, we present the stochastic MISOCP distri-
bution system expansion model with detailed descriptions,
followed by its chance-constrained variant.
A. Stochastic distribution system expansion planning model
We consider the distribution system expansion planning
under a two-stage scheme, where the first stage determines
the expansion decisions on equipment and the second stage
models system operations with the system upgrades. Given
that operational decisions are made according to real time load
and electricity price, which are random, we adopt a set of
discrete scenarios (and their realization probabilities) to rep-
resent their uncertainties and define the second stage recourse
problem for every scenario. Because of the randomness in
loads, we allow possible load curtailment in those scenarios,
which will then be penalized in the cost function of each
recourse problem. As a result, we have a two-stage stochastic
programming formulation for distribution system expansion
planning problem, as in the following.
min Cinv +
∑
s∈S
pisCopr,s (1a)
s.t. Cinv =
∑
i∈ΩSB
(
csubf,i v
sub
i + c
sub
v,i S
sub
i
)
(1b)
+
∑
ij∈ΩCH∪ΩEH
cfedf,ij l
fed
ij kij
+
∑
i∈Ω\ΩSB
(
ccapf,i v
cap
i + c
cap
v,i Q
cap
i
)
Copr,s =
∑
t∈ΩT
dht
(∑
i∈Ω
cpnt,sri,t,s + c
loss
t,s PIi,t,s
+
∑
ij∈ΩCH∪ΩEH
cfedo,ij,t,syij
)
(1c)
PIi,t,s = P
d
i,t,s − ri,t,s +
∑
j∈Ω(i)
Pij,t,s ∀i ∈ Ω, t, s (1d)
P sbi,t,s =
∑
j
Pij,t,s ∀i ∈ ΩSB , t, s (1e)
QIi,t,s = Q
d
i,t,s − βiri,t,s +
∑
j∈Ω(i)
Qij,t,s −Qcapi
∀i ∈ Ω, t, s (1f)
Qsbi,t,s =
∑
j
Qij,t,s ∀i ∈ ΩSB , t, s (1g)
√
2(g2ij + (bij + 0.5b
sh
ij )
2)uiji,t,s +
√
2
(
g2ij + b
2
ij
)
uijj,t,s
−2(g2ij + b2ij + 0.5bshij bij)Rij,t,s + gijbshij Lij,t,s
≤(Ifedij )2 ∀ij ∈ ΩEH ∪ ΩCH , t, s (1h)
0 ≤ uiji,t,s ≤
(V maxi )
2
√
2
yij ∀i ∈ Ω, t, s (1i)
0 ≤ uijj,t,s ≤
(V maxj )
2
√
2
yij ∀j ∈ Ω, t, s (1j)
0 ≤ ui,t,s−uiji,t,s ≤
(V maxi )
2
√
2
(1− yij) ∀i ∈ Ω, t, s (1k)
0 ≤ uj,t,s−uijj,t,s ≤
(V maxj )
2
√
2
(1− yij) ∀j ∈ Ω, t, s (1l)
0 ≤ Rij,t,s = Rji,t,s ∀ij ∈ ΩEH ∪ ΩCH , t, s (1m)
(V mini )
2
√
2
≤ ui,t,s ≤ (V
max
i )
2
√
2
∀i ∈ Ω, t, s (1n)
Lji,t,s = −Lji,t,s ∀ij ∈ ΩEH ∪ ΩCH , t, s (1o)
P sbi,t,s ≤P smaxi + αsiSsubi ∀i ∈ ΩSB , t, s (1p)
Qsbi,t,s ≤Qsmaxi + sin(cos−1(αsi ))Ssubi ∀i ∈ ΩSB , t, s
(1q)
0 ≤ Ssubi ≤Mvsubi ∀i ∈ ΩSB (1r)
0 ≤ Qcapi ≤ vcapi Qmaxc,i ∀i ∈ Ω\ΩSB (1s)
kij + fij = 1 ∀ij ∈ ΩEH ∩ ΩCH (1t)
yij ≤ fij ∀ij ∈ ΩEH − ΩEH ∩ ΩCH (1u)
yij ≤ kij ∀ij ∈ ΩCH − ΩEH ∩ ΩCH (1v)
zij = 0 ∀ij ∈ ΩEH ∪ ΩCH , i ∈ ΩSB (1w)
zij + zji = yij ∀ij ∈ ΩEH ∪ ΩCH (1x)∑
j:ij∈ΩEH∪ΩCH
zij = 1 ∀i ∈ Ω\ΩSB (1y)
(Ifedij )
2 =(Imaxij )
2(1− kij) ∀ij ∈ ΩEH (1z)
(Ifedij )
2 =(Imaxij )
2kij ∀ij ∈ ΩCH (1aa)
2uiji,t,su
ij
j,t,s ≥ R2ij,t,s + L2ij,t,s ∀ij ∈ ΩEH ∪ ΩCH , t, s (1ab)
Pij,t,s =
√
2giju
ij
i,t,s − gijRij,t,s − bijLij,t,s
∀ij ∈ ΩEH ∪ ΩCH , t, s (1ac)
Qij,t,s = −
√
2(bij + b
sh
ij /2)u
ij
i,t,s + bijRij,t,s − gijLij,t,s
∀ij ∈ ΩEH ∪ ΩCH , t, s (1ad)
vsubi , v
cap
i ,yij , kij , fij , zij binary, ri,t,s ≥ 0 (1ae)
In (1a)-(1c), the objective is to derive an optimal expansion
plan to minimize the investment cost, including both fixed
costs and variable costs of new facilities in substations, feeders
and capacitors, in the first stage and the expected operational
cost obtained from every scenario s ∈ S in the second stage,
including cost of losses and maintenance cost of installed
branches. Constraints in (1d)-(1o) are the second order conic
description of AC power flow model on a radial distribution
system. The capacity limit of the substation is represented
by (1p)-(1q). Constraints in (1r)-(1s) are investment decisions
on substation and capacitors banks. The logical constraints
4(1t)-(1v) state that if any investment is made (i.e., kij=1)
for an existing branch (by replacing it with a conductor of a
higher capacity), the old conductor must be disconnected (i.e.
yij=0) from the network considering the radiality requirement
on the network topology. Constraints in (1w)-(1y) enforce
the radiality of the expanded network. Constraints in (1z)-
(1aa) provide capacities of new and existing branches. Variable
definitions are presented in (1ab)-(1ae).
Existing commercial MISOCP solvers can compute small-
scale instances. Nevertheless, as shown in Section IV, with
the size of distribution network or the number of stochastic
scenarios increased, it is necessary to develop advanced algo-
rithms. To this end, a customized Benders decomposition for
such MISOCP is developed in Section III.
B. Chance-constrained SOCP Model
To introduce our chance-constrained model without repet-
itive information, we represent stochastic programming StoP
model in the following compact form. We use x to denote the
first stage (investment) variables and ys to denote the second
stage (operation) variables in scenario s, which is associated
with parameters (gs, Es, ds, Bs, ls, Hs, hs). Note that single
variable restrictions are in (1ae).
StoP: min cx+
∑
s∈S
pisgsys (2a)
s.t. Fx ≤ f (2b)
Esys = ds ∀s (2c)
Ax+Bsys ≥ ls ∀s (2d)
‖Hsys‖ ≤ hsys ∀s (2e)
Compared to the complete formulation in Section II-A, con-
straints in (2b) are those for investment decision variables, con-
straints in (2c) include power balance equations, constraints in
(2d) link investment and operation decisions, and constraints
in (2e) represent the second order cone equations. Note that
the second term in the objective function (2a) computes the
expected cost over all scenarios. Next, we provide its chance-
constrained variant using the conventional Big-M method.
CC−bigM : min cx+G(y1, w1, . . . , y|S|, w|S|) (3a)
s.t. Fx ≤ f (3b)
Esys − ds +Mws ≥ 0 ∀s (3c)
ds − Esys +Mws ≥ 0 ∀s (3d)
Ax+Bsys +Mws ≥ ls ∀s (3e)
‖Hsys‖ −Mws ≤ hsys ∀s (3f)
|S|∑
s=1
pisws ≤ ε (3g)
ws ∈ {0, 1} ∀s ∈ S. (3h)
Clearly, if ws = 1, all constraints in scenario s can be ignored
due to Big-M. Hence, binary variable ws can be used to reflect
the inclusion of scenario s in computing an optimal solution.
According to (3g), we seek for a solution that performs well
in (1− ε)× 100% of all random situations. Given that some
scenarios are ignored in the solution evaluation, we introduce
G, a function of ys’s and ws’s, in the objective function (3a),
to capture the cost contribution of the second stage decisions.
Although the aforementioned CC− bigM formulation can
be treated as regular mixed integer program if G is defined
appropriately, it is noted in [27] that its computational burden
is very heavy. For the case that we only care about costs
incurred in the concerned scenarios, we next provide a bilinear
reformulation that typically has a better computational perfor-
mance than the Big-M based formulation [27]. Moreover, such
bilinear format allows us to generalize Benders decomposition
method to further improve our solution capacity.
CC−BL : min cx+ ρ
∑|S|
s=1
pisηs (4a)
s.t. Fx ≤ f (4b)
ηs = gsys(1− ws) ∀s (4c)
(Esys − ds) (1− ws) = 0 ∀s (4d)
(Ax+Bsys − ls) (1− ws) ≥ 0 ∀s (4e)
(‖Hsys‖ − hsys) (1− ws) ≤ 0 ∀s (4f)
S∑
s=1
pisws ≤ ε (4g)
ws ∈ {0, 1} ∀s (4h)
Note from (4c) that if ws is set to one, i.e., scenario s is ig-
nored, it dose not contribute to the total cost. So, by assigning
ws to one or zero, the impact of scenario s, including the cost
contribution of recourse decisions and feasibility requirements
from recourse constraints, will be explicitly removed from or
imposed in the whole formulation. Parameter ρ is introduced
to reflect our attitude towards the recourse cost from the
concerned scenarios.
Remark 1. If ε = 0, we have ws = 0 for all s ∈ S, which
reduces CC−bigM or CC−BL formulations to correspond-
ing StoP model (with the second stage cost weighted by ρ).
III. CUSTOMIZED BILINEAR BENDERS DECOMPOSITION
FOR STOCHASTIC MISOCP MODELS
Benders decomposition, which is a master-subproblem
structured method, is probably the most popular approach
to compute scenario-based stochastic mixed integer linear
programs. Nevertheless, there is little study on extending this
classical method to compute stochastic MISOCP. Actually, we
observe in a related study [7] that robust MISOCP can be
solved by a similar master-subproblem structured decomposi-
tion method. With this observation, we extend and customize
the basic Benders decomposition method to compute stochas-
tic MISOCP formulation and its chance constrained variant.
As stochastic MISOCP formulation can be treated as a special
one of its chance constrained variant, we describe our Benders
decomposition method in the context of chanced constrained
model, particularly the bilinear CC−BL form, to simplify
our exposition. We next present the subproblem and the master
problem, and the solution algorithm.
A. Subproblem and master problem
Note that we allow demand curtailment in the second stage
recourse problem, which is penalized in the objective function.
5Hence, the strict feasibility of the recourse problem is ensured,
which actually guarantees the strong duality of this SOCP
problem. Next, we define the subproblem that is constructed
by taking the duality of the second stage recourse problem in
scenario s in the ith iteration for given first stage xˆi.
SPs : Js = max λs
(
ls −Axˆi
)
+ dsθs (5a)
s.t. Esλs +Bsθs +Hsσs + µshs = gs (5b)
‖ σs ‖≤ µs (5c)
θs, µs ≥ 0, λs, σs free (5d)
Note that the second stage recourse problem and SPs always
have a finite optimal value. Hence, we can derive an optimal
solution to SPs that is an extreme point of its feasible region.
Let (θˆis, µˆ
i
s, λˆ
i
s, σˆ
i
s) denote that optimal solution.
Next, we define the master problem for the ith iteration.
Note that the conventional Benders decomposition method
simply generates Benders cuts that are linear functions of
(θˆis, µˆ
i
s, λˆ
i
s, σˆ
i
s). Different from that, we follow CC−BL to
modulate our Benders cuts by ws in a bilinear form.
MP−BL : min cx+ ρ
∑
s∈S
pisηs (6a)
s.t. Fx ≤ f (6b)(
λˆks(ls −Ax) + dsθˆks
)
(1− ws) ≤ ηs,
1 ≤ k < i, s ∈ S (6c)∑
s∈S
pisws ≤ ε (6d)
ws ∈ {0, 1} s ∈ S (6e)
We mention that by enumerating all extreme points of SPs
(which could be infinite due to the conic structure), MP−BL
is the exact Benders reformulation of CC−BL. Hence, a
formulation of MP−BL defined on a subset of extreme
points is a relaxation to CC−BL, whose optimal value
provides a lower bound. Note that the bilinear terms in (6c)
can be linearized using McCormick linearization technique,
which converts MP−BL into an MIP.
B. Solution algorithm
Obviously, any feasible solution to CC−BL provides an
upper bound. So, iteratively including optimality cuts (6c)
could help us generate better lower and upper bounds. Let
LB and UB be the current lower and upper bounds, and e
be the optimality tolerance.
Bilinear Benders Decomposition for CC−BL
1) Initialization: Set LB = −∞, UB = ∞ and the
iteration counter i = 0.
2) Iterative steps:
a) Compute the master problem MP−BL. Derive
its optimal value, Vi, and an optimal solution
(xˆi, wˆi). Update lower bound LB = Vi.
b) For every s ∈ S, compute subproblem SPs, derive
its optimal value Jˆs and generate a Benders cut (6c)
based on its optimal solution.
c) Compute J¯ = min{
∑
s∈S
pisJˆs(1−ws) :
∑
s∈S
pisws ≤
} and update upper bound UB = min{UB, cxˆi+
J¯}.
3) Stopping criteria: if |UB−LBLB | ≤ e, terminate with a
solution associated with UB. Otherwise, i = i + 1 and
go back to step 2.
When  = 0, our chance-constrained model reduces to the
stochastic programming formulation. Because all scenarios
must be considered, we can eliminate ws variables from our
bilinear Benders decomposition.
Remark 2. Subproblem SPs be converted into a linear pro-
gram using a polyhedral relaxation of the convex feasible re-
gion suggested in [28]. We observe, however, that if doing so,
the size and runtime of the subproblem increase substantially.
The strength of our procedure is that it can attain the exact
solution in a fast way than using the polyhedral approximated
subproblem, which actually yields an approximate solution and
increases the problem dimensionality.
IV. NUMERICAL RESULTS
In this section a simple example and a test system are
employed to demonstrate the application of the proposed
methods. They are implemented in AMPL with the optimality
tolerance e being 0.1% for Benders decomposition, and with
the most popular professional solver CPLEX [29] under de-
fault settings. Our experiments are performed on a Windows-
based PC with two 3 GHz processors and 4 GB RAM, with
time limit set to 3,600 seconds.
A. Example
For illustration purpose, we applied proposed the methods
to the example system shown in Fig. 1. This is an originally
meshed network to be expanded for target year 5. Load
data is provided in Table I. Fixed and variable investment
costs of substation were assumed 200000 US$, and 50000
US$/MW. Feeders investment and maintenance costs were
assumed 150000 US$/km and 450 US$, respectively [30].
Capacitors fixed and variable investment costs were 3000
US$, 450 US$/kVAr [31]. Annualized costs were computed
assuming a life span of 15 years with an interest rate of 10%.
The cost of losses was assumed to be ten times the prices given
in Table I. We considered seven candidate branches, involving
replacements for existent branches (with higher capacities)
and new candidate branches 5-4 and 3-5. Results of two
formulations denoted as chance-unconstrained and chance-
constrained are presented next.
1) Chance-unconstrained case: We solved three cases in-
volving a deterministic case (denoted as case 0) and two
stochastic cases (denoted as case 1 and case 2) where load
and price are subject to uncertainty. To describe uncertainty,
we created ten equiprobable scenarios (for each case) in which
price and load are scaled according to the data provided
in Table II. The expansion results are shown in Fig. 1.
In case 0 no investment is made and a radial topology is
achieved by removing branch 3–4. Results in the stochastic
6case 1 indicate that two existent branches 1–2 and 2–5 are
replaced with branches of higher capacity and the substation
is expanded by 0.110 pu. In case 2, no investment is required
and the existent branch 2–4 is removed to enforce radiality.
We observe that different expansion plans are achieved as a
result of incorporating uncertainty in the problem.
2) Chance-constrained case: In this experiment the impact
of chance constraint is explored. The chance-constrained
model was solved for scenarios described in case 1 of Table II.
Results for chance levels (namely, 1-ε) 100, 90, 80, and 65
percent are presented in Table III. For this small system, they
actually lead to a configuration same as that of case 1 in Fig. 1.
Observe that the most expensive scenarios, namely 4, 3, and
6 (see Table II), are dropped when the chance level decreases.
Hence, by adjusting the chance level, the decision maker can
have a balance between the cost of the expansion plan (which
results in a high capacitated system) and the desired level of
security against risks.
3) Computational performance: In Table IV, we compare
the computational performance of following different methods.
If an optimal solution cannot be derived due to the time
limit, the instance is labeled with “T” and the corresponding
optimality gap, if available, is reported.
1) Non-decomposed-SOCP: Simply using MISOCP solver
to compute;
2) Benders-linear StoP: Using Benders decomposition
method, with the subproblem being the linearized ap-
proximation to the second stage SOCP recourse problem
through the method proposed by [28];
3) Benders-SOCP StoP: Using standard Benders decompo-
sition for stochastic programming model;
4) Benders-SOCP CC: Using the bilinear Benders decom-
position for chance-constrained model.
Based on Table IV, it is obvious that the state-of-the-art
CPLEX solver does not have the capacity to handle practical
instances. For this 5-node system, which is definitely small-
scale, CPLEX fails to produce any feasible solution for in-
stances with 50 or 100 scenarios within 3,600 seconds. On the
contrary, Benders decomposition methods show a drastically
improved solution capacity, which reduce the computational
time by orders of magnitude. Specifically, Benders methods,
which directly call solver to compute subproblems, can com-
pute all instances within a short time. Although the chance
constrained formulations could be much more challenging
to compute than their stochastic programming counterparts,
we observe that our bilinear Benders method demonstrates
a strong power to handle chance-constrained second order
conic programs, which is comparable to the classical Benders
method for pure stochastic programs. Indeed, within a couple
of iterations, it derives an optimal solution with a relatively
small amount of additional time than for stochastic programs.
So, for the next large distribution system, we just adopt
our customized bilinear Benders decomposition as the
primary computational method. It is worth mentioning
that the substation capacity derived from the consideration
of 100 scenarios is larger than those derived from other
considerations, which definitely indicates that a reliable plan
will be produced if sufficiently many stochastic scenarios
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Figure 1: Original and expanded networks
should be respected.
Table I: Load and price data
Time block Load factor Duration (hr) Price ($/MWh)
1 0.65 2000 60
2 0.8 5760 70
3 1 1000 90
Table II: Stochastic scenario data
Scenario scaling factor
scenario 1 2 3 4 5
Case 1 2.02 0.97 2.8 2.89 0.76
Case 2 1.41 0.78 1.88 1.93 0.66
scenario 6 7 8 9 10
Case 1 2.28 1.88 1.16 1.37 1.52
Case 2 1.57 1.33 0.89 1.02 1.11
Table III: Results of the chance-constrained model
Chance level
1– (%)
Discarded
scenarios
Invested branches Investedsubstation (pu)
100 – 1–2, 2–5 0.11
90 4 1–2, 2–5 0.11
80 3, 4 1–2, 2–5 0.11
65 3, 4, 6 1–2, 2–5 0.11
B. 18-node system
The second test system was adopted from [32] with some
modifications (see Fig. 2). This system has 18 nodes, 2
substations, and 24 branches. The existing and candidate
branches are shown in Table V. The uncertainty of the price
and load was modeled by twenty equiprobable scenarios with
the scaling factor being uniformly distributed in the range [0.6,
1.8]. We considered three time blocks in the target year as
7Table IV: Computational performance of models
Scenario
number
Invested
branch
Substation
capacity (pu)
Iteration
number
Time (sec.)
(gap %)
Non-decomposed-SOCP
10 1–2, 2–5 0.107 – 43.0
50 – – – T (N/A)
100 – – – T (N/A)
Benders-linear StoP
10 1–2, 2–5 0.11 3 23.2
50 1–2, 2–5 0.11 3 117.3
100 1–2, 2–5 0.118 3 241.0
Benders-SOCP StoP
10 1–2, 2–5 0.11 4 5.9
50 1–2, 2–5 0.11 4 31.4
100 1–2, 2–5 0.118 4 72.2
Benders-SOCP CC (1– =90%)
10 1–2, 2–5 0.11 4 7.9
50 1–2, 2–5 0.11 4 50.9
100 1–2, 2–5 0.118 4 149.3
shown Table I and assumed that every existing branch can be
removed or re-wired.
The problem was solved for target year 5 considering (a) a
deterministic case for a load level of 150%; (b) two stochastic
cases with chance levels of 100 and 80 percent. Detailed
results are provided in Table V and stochastic expansion
results are depicted in Fig. 2. As seen from Table V, 9
new feeders are invested and added to the network and the
substation is expanded by 2.7 MVA in the stochastic cases
while the deterministic case does not invest in substation
capacity. Clearly, different radial topologies are achieved with
the costs given in Table V and the highest expansion cost
is associated with the case with 100 percent chance level,
which is expected. Note that instances can be solved within
8-18 iterations, with solution times shown in the table.
V. CONCLUSION
In this paper, a stochastic second order mixed integer model
was constructed and studied for distribution system expansion
planning. A chance-constrained variant of the problem was
also developed, which can be used to obtain a cost-effective
plan by avoiding extreme scenarios. To solve the problem, we
developed a novel bilinear Bender decomposition algorithm
that handles the conic power flow formulations and deals a
chance constraint imposed on stochastic scenarios. On a set
of instances, we performed numerical experiments, analyzed
our model’s performance and generalized insights.
Based on our numerical experiments, it was demonstrated
that our proposed algorithms have a remarkable strength,
which drastically outperforms professional mixed integer conic
solver CPLEX by orders of magnitude. They therefore greatly
improves our solution capacity for this type of problems.
Indeed, to the best of our knowledge, it is the first time that
chance-constrained stochastic mixed integer SOCP model can
be solved efficiently. Because the developed algorithms are
generic, we believe that they can be used in other application
areas, such as power system expansion and operation planning.
18 
Expanded 
Existent 
Existent 
Invested  
17 
Figure 2: Expansion results with chance of a) 100% and b)
80%
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